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Dilations of semigroups on von Neumann
algebras and noncommutative Lp-spaces
Cédric Arhancet
Abstract
We prove that any weak* continuous semigroup (Tt)t>0 of factorizable Markov maps
acting on a von Neumann algebra M equipped with a normal faithful state can be dilated by
a group of Markov ∗-automorphisms analogous to the case of a single factorizable Markov
operator, which is an optimal result. We also give a version of this result for strongly
continuous semigroups of operators acting on noncommutative Lp-spaces and examples
of semigroups to which the results of this paper can be applied. Our results imply the
boundedness of the McIntosh’s H∞ functional calculus of the generators of these semigroups
on the associated noncommutative Lp-spaces generalising some previous work from Junge,
Le Merdy and Xu. Finally, we also give concrete dilations for Poisson semigroups which
are even new in the case of Rn.
1 Introduction
The study of dilations of operators is of central importance in operator theory and has a long
tradition in functional analysis. Indeed, dilations are very useful tools which allow to reduce
general studies of operators to more tractable ones. Suppose 1 < p < ∞. In the spirit of
Sz.-Nagy’s dilation theorem for contractions on Hilbert spaces, a classical result from the 70’s
essentially due to Akcoglu [AkS] (see also [Pel] and [KNP]) says that a positive contraction
T : Lp(Ω) → Lp(Ω) on an Lp-space Lp(Ω) admits a positive isometric dilation U on a bigger
Lp-space than the initial Lp-space, i.e. there exist another measure space Ω′, two positive
contractions J : Lp(Ω) → Lp(Ω′) and P : Lp(Ω′) → Lp(Ω) and a positive invertible isometry
U : Lp(Ω′)→ Lp(Ω′) such that
T k = PUkJ
for any integer k > 0. Note that in this situation, J is an isometric embedding whereas JP is
a contractive projection.
Later, Fendler [Fen1] proved a continuous version of this result for any strongly continuous
semigroup (Tt)t>0 of positive contractions on an L
p-space Lp(Ω). More precisely, this theorem
says that there exists a measure space Ω′, two positive contractions J : Lp(Ω) → Lp(Ω′) and
P : Lp(Ω′) → Lp(Ω) and a strongly continuous group of positive invertible isometries (Ut)t∈R
on Lp(Ω′) such that
Tt = PUtJ
for any t > 0, see also [Fen2] and [Kon1].
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In the noncommutative setting, measure spaces and Lp-spaces are replaced by von Neumann
algebras and noncommutative Lp-spaces and positive maps by completely positive maps. In
their remarkable paper [JLM], Junge and Le Merdy showed that there exists no “reasonable”
analog of Akcoglu result for completely positive contractions acting on noncommutative Lp-
spaces. It is a striking difference with the world of classical (=commutative) Lp-spaces of
measure spaces.
Independently, Kümmerer, Maasen, Haagerup and Musat introduced and studied dilations
of well-behaved completely positive unital operators on noncommutative probability spaces
(=von Neumann algebras equipped with states), the so-called Markov operators [Kum1] [Kum2]
[Kum3] [KuM] [HaM] [HaM2]. These dilations induce dilations on the associated noncommuta-
tive Lp-spaces and we can see these dilations as reasonable substitutes of dilations furnished by
Akcoglu’s theorem. The following definition of these operators is considered in [AnD], [HaM]
and [Ric].
Definition 1.1 Let (M,φ) and (N,ψ) be von Neumann algebras equipped with normal faithful
states φ and ψ, respectively. A linear map T : M → N is called a (φ, ψ)-Markov map if
(1) T is completely positive
(2) T is unital
(3) ψ ◦ T = φ
(4) for any t ∈ R we have T ◦σφt = σψt ◦T where (σφt )t∈R and (σψt )t∈R denote the automorphism
groups of the states φ and ψ, respectively.
In particular, when (M,φ) = (N,ψ), we say that T is a φ-Markov map. Such an operator T
induces a contraction Tp : L
p(M)→ Lp(N) between the associated noncommutative Lp-spaces
Lp(M) and Lp(N) for any 1 6 p <∞, see for example [HJX, Theorem 5.1].
The following definition is essentially due to Kümmerer, see [Kum2, Definition 2.1.1] and
[HaM, Definition 4.1] and describes a form of dilation suitable for Markov maps in the style of
Akcoglu’s dilations. We refer to [Kum1] [Kum2] [Kum3] [KuM] for physical interpretations of
this notion.
Definition 1.2 Let M be a von Neumann algebra equipped with a normal faithful finite state
φ and let T : M → M be a φ-Markov map. We say that T is dilatable if there exists a von
Neumann algebra N equipped with a normal faithful state ψ, a ∗-automorphism U of N leaving
ψ invariant and a (φ, ψ)-Markov ∗-monomorphism J : M → N satisfying
T k = EUkJ, k > 0.
where E = J∗ : N → M is the canonical faithful normal conditional expectation preserving the
states associated with J .
In the situation of Definition 1.2, the ∗-automorphism U : N → N commutes with the modular
automorphism group (σψt )t∈R of ψ by [Tak2, Corollary 1.4 page 95]. Consequently, U is a
ψ-Markov map.
Note that Haagerup and Musat [HaM, Theorem 4.4] have succeeded in characterizing di-
latable Markov maps. Indeed, they proved that a φ-Markov map T : M → M is dilatable if
and only if T is factorizable in the sense of [AnD], i.e. there exists a von Neumann algebra N
equipped with a faithful normal state ψ and (φ, ψ)-Markov ∗-monomorphisms J0 : M → N and
J1 : M → N satisfying T = J∗0 ◦ J1 where J∗0 denotes the adjoint defined below in (2.2).
Now, we introduce the continuous version of this definition from [Arh2, Definition 1.3]
inspired by Fendler result, see also [KuM, Definition page 4].
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Definition 1.3 Let M be a von Neumann algebra equipped with a normal faithful state φ. Let
(Tt)t>0 be a weak* continuous semigroup of φ-Markov maps on M . We say that the semigroup
is dilatable if there exists a von Neumann algebra N equipped with a normal faithful state ψ, a
weak* continuous group (Ut)t∈R of ∗-automorphisms of N leaving ψ invariant, a (φ, ψ)-Markov
∗-monomorphism J : M → N satisfying
(1.1) Tt = EUtJ, t > 0,
where E = J∗ : N → M is the canonical faithful normal conditional expectation preserving the
states associated with J .
Note that such a dilation induces an isometric dilation similar to the one of Fendler’s theorem
for the strongly continuous semigroup induced by the semigroup (Tt)t>0 on the associated
noncommutative Lp-space Lp(M) for any 1 6 p <∞.
Haagerup and Musat have given a necessary condition for the existence of such a dilation.
Indeed, by [HaM, Theorem 4.4], the situation of the above definition implies that each operator
Tt : M → M is factorizable. Moreover, they constructed [HaM, Theorem 3.4] a semigroup
(Tt)t>0 of Markov maps such that not all Tt are factorizable, hence without dilation, leaving
implicitly open the question of whether this condition of factorizability is sufficient for the
existence of a dilation. Our main result is the following theorem which shows that this condition
is equally sufficient.
Theorem 1.4 Let M be a von Neumann algebra equipped with a normal faithful state φ. Let
(Tt)t>0 be a weak* continuous semigroup of factorizable φ-Markov maps on M . Then the
semigroup (Tt)t>0 is dilatable.
The semigroups of selfadjoint Markov Fourier multipliers plays a fundamental role in non-
commutative harmonic analysis and operator algebras (see e.g. [Haa1]) and this result implies,
by combining some results of Ricard [Ric], in particular that these semigroups are dilatable, see
Corollary 6.1. We also prove Theorem 5.4 which is a variant of this result for noncommutative
Lp-spaces useful even for non-σ-finite von Neumann algebras. See also [JRS] for related results.
One of the important consequences of Fendler’s theorem is the boundedness, for the gener-
ators of strongly continuous semigroup (Tt)t>0 of positive contractions, of a bounded H
∞ func-
tional calculus which is a fundamental tool in various areas: harmonic analysis of semigroups,
multiplier theory, Kato’s square root problem, maximal regularity in parabolic equations, con-
trol theory, etc. For detailed information, we refer the reader to [Haa], [JMX], [KW] and to the
recent book [HvNVW2] and to the references therein. Our theorem also gives a similar result on
H∞ functional calculus in the noncommutative context. In particular, our natural and straight-
forward approach allows us to recover some of the main results of the fundamental memoir
[JMX] on functional calculus in few pages. More significantly, combined with some results of
the author [Arh2], it even allows to give generalizations to vector-valued noncommutative Lp
spaces. We refer to Section 7 for precise statements of our results.
In the opposite direction of our abstract and non-constructive proof of our main result, we
also present some very concrete dilations for some particular cases: classical Poisson semigroups
on L∞(Rn) and on L∞(Tn) and noncommutative Poisson semigroups on von Neumann algebras
VN(Fn) of free groups Fn and semigroups of Hamiltonians.
The paper is organized as follows. The next section gives background. Section 3 gives a proof
of Theorem 1.4. In Section 4, we present some concrete dilations for some classical semigroups.
In the following section 5, we describe and prove a noncommutative Lp analog of this result.
In section 6, we consider the case of semigroups of Fourier multipliers. Finally, we conclude in
section 7 with applications of our results to functional calculus.
3
2 Preliminaries
Noncommutative Lp-spaces We use Haagerup noncommutative Lp-spaces. We refer to the
survey [PiX] and to the papers [Ray2], [JMX] and [Pis1] for more information.
Let M be a von Neumann algebra equipped with a normal faithful state ϕ. Let Dϕ the
density operator associated with ϕ. If 1 6 p <∞, recall that by [JuX1, Lemma 1.1] and [Wat1,
Corollary 4], D
1
2p
ϕ MD
1
2p
ϕ is a dense subspace of Lp(M).
Suppose that N is another von Neumann algebra equipped with a normal faithful state ψ.
Consider a unital positive map T : M → N such that ψ(T (x)) = ϕ(x) for any x ∈ M+. Given
1 6 p <∞ define
(2.1)
Tp : D
1
2p
ϕ MD
1
2p
ϕ −→ D
1
2p
ψ ND
1
2p
ψ
D
1
2p
ϕ xD
1
2p
ϕ 7−→ D
1
2p
ψ T (x)D
1
2p
ψ
.
By [HJX, Theorem 5.1], the map Tp above extends to a contractive map from L
p(M) into
Lp(N).
Markov operators By [HJX, Proposition 5.4] and [AcC, Remark page 249], a linear map
T : M → N satisfying the first three conditions of Definition 1.1 is automatically normal. If,
moreover, condition (4) is satisfied, then it was proved in [AcC] (see also [AnD, Lemma 2.5])
that there exists a unique linear map T ∗ : N →M such that
(2.2) φ
(
T ∗(y)x
)
= ψ
(
yT (x)
)
, x ∈M, y ∈ N.
It is well-known that T ∗ is a (ψ, φ)-Markov map. A special case of interest is the one of a
(φ, ψ)-Markov map J : M → N which is a ∗-monomorphism. In this case, the adjoint J∗ : N →
M is the canonical normal faithful conditional expectation E : N → M preserving the states
associated with J , see [HaM, Remark 1.2]. Moreover, we say that a φ-Markov map T : M →M
is selfadjoint if T = T ∗.
It is not difficult to prove the following elementary observation.
Lemma 2.1 Let (M,φ) and (N,ψ) be von Neumann algebras equipped with normal faithful
states φ and ψ, respectively. A (φ, ψ)-Markov ∗-homomorphism T : M → N is always injective.
Proof : Consider x ∈ M+. Suppose T (x) = 0. We have φ(x) = ψ(T (x)) = 0. Hence x = 0
by the positivity of T and the faithfulness of φ. Now if y ∈ M satisfies T (y) = 0. We have
T (y)∗T (y) = 0. Since T is a ∗-homomorphism, we infer that T (y∗y) = 0. We deduce that
y∗y = 0 and therefore that y = 0.
We will use the following Lemma left to the reader.
Lemma 2.2 Let (M,φ), (N,ψ) and (P, ϕ) be von Neumann algebras equipped with normal
faithful states φ, ψ and ϕ, respectively. The set of (φ, ψ)-Markov maps from M into N is
convex, closed for the point weak* topology1. Moreover the composition of a (φ, ψ)-Markov map
and of a (ψ, ϕ)-Markov map is a (φ, ϕ)-Markov map.
1. If X is a dual Banach space with predual X∗, the point weak* topology on B(X) is the topology of pointwise
convergence on X endowed with the σ(X,X∗)-topology, i.e. a net (Ti) in B(X) converges to a point T ∈ B(X)
for this topology if and only if for any x ∈ X and any y ∈ X∗ we have 〈y, Ti(x)〉X∗,X −→
i
〈y, T (x)〉X∗,X .
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Ultraproducts of Banach spaces Let (Xn)n>1 be a sequence of Banach spaces, and let
ℓ∞(N, Xn) be the Banach space of all sequences (xn)n>1 ∈
∏∞
n=1Xn with supn>1 ‖xn‖Xn <∞
equipped with the norm ‖(xn)n>1‖ℓ∞(N,Xn) = supn>1 ‖xn‖Xn . Let U be a free ultrafilter on N.
The Banach space ultraproduct (Xn)
U is defined as the quotient ℓ∞(N, Xn)/JU , where JU is
the closed subspace of all (xn)n>1 ∈ ℓ∞(N, Xn) which satisfies limn→U ‖xn‖Xn = 0. An element
of (Xn)
U represented by (xn)n>1 ∈ ℓ∞(N, E) is written as (xn)U . For any (xn)U ∈ (Xn)U , one
has ‖(xn)U‖ = limn→U ‖xn‖Xn . If (Tn : Xn → Yn)n>1 is a bounded sequence of bounded linear
operators, we can define the ultraproduct map T : (Xn)
U → (Yn)U , (xn)U 7→ (Tn(xn))U . We
refer to [DJT, section 8] for more information.
If 1 6 p <∞, a ultraproduct of noncommutative Lp-spaces is a noncommutative Lp-space,
see [Ray1]. However, the Banach space ultraproduct of von Neumann algebras is not a von
Neumann algebra in general.
Ultraproducts of von Neumann algebras If φ is a normal faithful state on a von Neumann
algebra M , we define ‖ · ‖♯φ and ‖ · ‖φ by
(2.3) ‖x‖♯φ =
(
φ(x∗x+ xx∗)
) 1
2 , ‖x‖φ =
(
φ(x∗x)
) 1
2 , x ∈M.
On bounded sets, the (relative) topology associated to the norm ‖·‖♯φ coincide with the (relative)
topology of σ-strong* topology, see [AnH, Section 2], [Bin, Lemma 1.11.2] and the discussion
from [Bin, page 20].
Let us now define the Ocneanu ultraproduct (Mn, φn)
U of a sequence (Mn, φn)n>1 of σ-
finite von Neumann algebras equipped with normal faithful states φn with respect to a free
ultrafilter U over N. Let ℓ∞(N,Mn) be the C*-algebra of sequences (xn)n>1 of
∏∞
n=1Mn such
that supn>1 ‖xn‖Mn < +∞ endowed with the norm ‖(xn)‖ℓ∞(N,Mn) = supn>1 ‖xn‖Mn . Let U
be free ultrafilter on N. We let
IU (Mn, φn) :=
{
(xn)n>1 ∈ ℓ∞(N,Mn) : ‖xn‖♯φn −−−→n→U 0
}
.
If (xn)n>1 is a bounded sequence of ℓ
∞(N,Mn), note the following equivalence
(2.4) ‖xn‖♯φn −−−→n→U 0 ⇐⇒ ‖xn‖φn −−−→n→U 0 and ‖x
∗
n‖φn −−−→
n→U
0.
With the abbreviated notation IU for IU (Mn, φn), we define the following subspace
MU(Mn, φn) :=
{
(xn)n>1 ∈ ℓ∞(N,Mn) : (xn)IU ⊂ IU , and IU (xn) ⊂ IU
}
.
Then MU(Mn, φn) is a C*-algebra (with pointwise operations and supremum norm) in which
IU (Mn, φn) is a closed ideal. We then define the quotient C*-algebra
(Mn, φn)
U :=MU (Mn, φn)/IU (Mn, φn).
Then (Mn, φn)
U is a W*-algebra. We denote the image of an element (xn)n>1 of MU(Mn, φn)
in (Mn, φn)
U by (xn)U . Finally, we can define a normal faithful state (φn)U on (Mn, φn)U by
(φn)
U((xn)U) := lim
n→U
φn(xn), (xn)
U ∈ (Mn, φn)U .
See [AHW], [AnH] and [Ocn1] for more information. In the particular case where the von
Neumann algebras Mn are finite and where the states φn are normal faithful tracial states, we
recover the tracial ultraproduct described in [Pis2, Section 9.10] (see also [SS, Appendix A])
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and (φn)
U is a normal faithful tracial state. Finally, in the case of constant sequence Mn =M ,
φn = φ, the ultraproduct (Mn, φn)
U is written as MU and called the ultrapower of (M,φ) and
we write φU for (φ)U .
The modular automorphism group (σ
(φn)
U
t )t∈R of the ultraproduct state (φn)
U is described
in [AnH, Theorem 4.1]. For any t ∈ R and any (xn)U ∈MU , we have
(2.5) σ
(φn)
U
t
(
(xn)
U) = (σφnt (xn))U .
Proposition 2.3 Let (Mn, φn)n>1 and (Nn, ψn)n>1 be sequences of σ-finite von Neumann al-
gebras equipped with normal faithful states. If (Jn : Mn → Nn)n>1 is a sequence of (φn, ψn)-
Markov ∗-monomorphism then the map (Jn)U : (Mn)U → (Nn)U , (xn)U 7→ (Jn(xn))U is a well-
defined ((φn)
U , (ψn)U )-Markov ∗-monomorphism. Moreover, if we denote by En : Nn → Mn
the canonical normal faithful conditional expectation preserving the states associated with Jn
then the canonical conditional expectation (En)
U def= ((Jn)U )∗ : (Nn)U → (Mn)U satisfies for
any element (yn)
U of (Nn)U
(2.6) (En)
U((yn)U) = (En(yn))U .
Proof : We begin to prove that if (xn) is an element ofMU (Mn, φn) then the sequence (J(xn))
is an element of MU(Nn, ψn). If (yn) is an element of IU (Nn, ψn), using (2.4) it suffices to
check that (Jn(xn)yn) ∈ IU (Nn, ψn) and that (ynJn(xn)) ∈ IU (Nn, ψn), that is
lim
n→U
∥∥(Jn(xn)yn)∗∥∥ψn = 0, limn→U ∥∥Jn(xn)yn∥∥ψn = 0, limn→U ∥∥(ynJn(xn))∗∥∥ψn = 0
and
lim
n→U
∥∥ynJn(xn)∥∥ψn = 0.
We start with the first limit. We begin to note that∥∥(En(yny∗n)) 12∥∥φn = (φn(En(yny∗n))) 12 = (ψn(yny∗n)) 12 −−−→n→U 0.
Hence the sequence ((En(yny
∗
n))
1
2 ) belongs to IU (Mn, φn). Since (xn) is an element ofMU(Mn, φn),
we deduce that the sequence (xnEn(yny
∗
n)
1
2 ) belongs to IU (Mn, φn). Consequently, we obtain∥∥(Jn(xn)yn)∗∥∥ψn = ψn(Jn(xn)yn(Jn(xn)yn)∗) 12 = ψn(Jn(xn)yny∗nJn(x∗n)) 12
= φn
(
En(Jn(xn)yny
∗
nJn(x
∗
n))
) 1
2 = φn
(
xnEn(yny
∗
n)x
∗
n
) 1
2 = φn
(
xnEn(yny
∗
n)
1
2 En(yny
∗
n)
1
2 x∗n
) 1
2
=
∥∥(xnEn(yny∗n) 12 )∗∥∥φn −−−→n→U 0.
For the second limit, we first observe that
‖Jn(xn)yn‖ψn = ψn
(
(Jn(xn)yn)
∗Jn(xn)yn
) 1
2 = ψn
(
y∗nJn(xn)
∗Jn(xn)yn
) 1
2 .
Since the sequence (Jn(xn)) is bounded, there exists a constant C such that ‖Jn(xn)‖N 6 C
for any integer n. Using [ScW1, 3.2 (i) page 269], we obtain y∗nJn(xn)
∗Jn(xn)yn 6 Cy∗nyn and
finally
(2.7) ψn
(
y∗nJn(xn)
∗Jn(xn)yn
) 1
2 6
√
Cψn
(
y∗nyn
) 1
2 −−−→
n→U
0.
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We conclude that ‖Jn(xn)yn‖ψn −−−→
n→U
0. The two last limits are similar and are left to the
reader.
Now the Jn’s induce a ∗-homomorphism ⊕Jn : ℓ∞(N,Mn) → ℓ∞(N, Nn), (x1, x2, . . .) 7→
(J1(x1), J2(x2), . . .). Using the beginning of the proof, the restriction of this map ⊕Jn gives a
well-defined map MU (Mn, φn)→MU(Nn, ψn) an therefore a map J : MU(Mn, φn)→ (Nn)U .
Now if (xn) is an element of ℓ
∞(N,Mn) we have
‖Jn(xn)‖ψn = ψn
(
(Jn(xn))
∗Jn(xn)
) 1
2 = ψn
(
(Jn(x
∗
nxn)
) 1
2 = φn
(
x∗nxn
) 1
2
and ∥∥(Jn(xn))∗∥∥ψn = ψn(Jn(xn)(Jn(xn))∗) 12 = ψn((Jn(xnx∗n)) 12 = φn(xnx∗n) 12 .
We deduce that the kernel kerJ of J is equal to IU (Nn, ψn). Hence we obtain a well-defined quo-
tient map (Jn)
U : (Mn)U → (Nn)U , (xn)U 7→ (Jn(xn))U which is clearly a unital ∗-monomorphism.
Now, we will show that (Jn)
U : (Mn)U → (Nn)U is a ((φn)U , (ψn)U )-Markov map. Using (2.5),
for any t ∈ R and any element (xn)U of (Mn)U , we have
(Jn)
U ◦ σ(φn)Ut
(
(xn)
U) = (Jn)U(σφnt (xn))U = (Jn(σφnt (xn)))U
=
(
σψnt (Jn(xn))
)U
= σ
(ψn)
U
t ◦ (Jn)U
(
(xn)
U).
Hence (Jn)
U ◦ σ(φn)Ut = σ(ψn)
U
t ◦ (Jn)U , i.e. the map (Jn)U commutes with the modular auto-
morphism groups. Moreover
(ψn)
U ((Jn)U((xn)U)) = (ψn)U ((Jn(xn))U) = lim
n→U
ψn(Jn(xn)) = lim
n→U
φn(xn) = (φn)
U((xn)U).
We infer that (Jn)
U preserves the states. Hence (Jn)U is a ((φn)U , (ψn)U )-Markov map. Finally,
for any element (xn)
U of (Mn)U and any (yn)U of (Nn)U , using (2.2) in the fourth equality, we
have
(ψn)
U((yn)U (Jn)U ((xn)U )) = (ψn)U((yn)U (Jn(xn))U ))
= (ψn)
U((ynJn(xn))U )) = lim
n→U
ψn
(
ynJn(xn)
)
= lim
n→U
φn
(
En(yn)xn
)
= (φn)
U((En(yn)xn)U) = (φn)U((En(yn))U (xn)U).
Hence by unicity of ((Jn)
U )∗, we obtain (2.6).
The following is probably folklore but we are unable to locate a proof in the literature. So
we give a proof because of its importance in this paper.
Proposition 2.4 LetM be a von Neumann algebra equipped with a normal faithful state ϕ. The
map I : M →MU , x 7→ (x, x, . . .)U is a well-defined φ-Markov ∗-monomorphism. Moreover, if
we denote by E = I∗ : MU →M the canonical normal faithful conditional expectation preserving
the states associated with I then for any element (xn)U of MU , we have
(2.8) E
(
(xn)
U) = w∗- lim
n→U
xn.
Proof : First, if x ∈ M then we will show that (x, x, . . .) belongs to MU (M,φ). If (yn) is an
element of IU (M,φ), it suffices to check that (xyn) ∈ IU (M,φ) and that (ynx) ∈ IU (M,φ). By
the discussion following (2.3), this is equivalent to the convergence of the sequences (xyn) and
(ynx) along U to 0 for the σ-strong* topology. Recall that by [Tak1, Lemma 2.5] the topology
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of σ-strong* topology coincide with the strong* topology on bounded sets. Using the separate
continuity of the operator product for strong operator topology, it is not difficult to obtain the
convergence. Hence I is well-defined. It is clearly a unital ∗-homomorphism. Using (2.5), for
any t ∈ R and any x ∈M , we have
I ◦ σφt (x) =
(
σφt (x), σ
φ
t (x), . . .
)U
= σφ
U
t
(
(x, x, . . .)U
)
= σφ
U
t ◦ I(x).
Hence I ◦ σφt = σφ
U
t ◦ I, i.e. the map I commutes with the modular automorphism groups.
Moreover, for any x ∈M , we have
φU
(I(x))) = φU ((x, x, . . .)U) = lim
n→U
φ(x) = φ(x).
We infer that I preserves the states. Hence the map I is a (φ, φU )-Markov map. By Lemma
2.1, we obtain the injectivity of I.
Note that for any element (xn) of ℓ
∞(N,Mn), the limit w∗- limn→U xn exists. For any y ∈M
and any element (xn)
U of the ultrapowerMU , using the fact that the product of a von Neumann
algebra is separately weak* continuous in the last equality (e.g. see [BLM, Proposition 2.7.4
(1)]), we have
φU
(
(xn)
UI(y)) = φU((xn)U (y, y, . . .)U) = φU((xny)U) = lim
n→U
φ(xny)
= φ
(
w∗- lim
n→U
(xny)
)
= φ
((
w∗- lim
n→U
xn
)
y
)
.
So by unicity of J∗, we obtain (2.8).
Convexity A normed linear space X is locally uniformly convex [Meg1, Definition 5.3.2]
[Lov1, Definition 0.2] if for any ε > 0 and any x ∈ X with ‖x‖ = 1 there exists δ(ε, x) > 0 such
that ‖y‖ = 1 and ‖x+y‖2 > 1 − δ(ε, x) imply ‖y − x‖ 6 ε. It is clear from the definition that
uniform convexity implies local uniform convexity.
Semigroups of operators Let X be a Banach space. Recall that a semigroup (Tt)t>0 of
operators on X is strongly continuous if for any x ∈ X the map t 7→ Tt(x) is continuous from
R+ into X .
Let X be a dual Banach space with predual X∗. We say that a semigroup (Tt)t>0 of bounded
operators on X is weak* continuous if the map t 7→ Tt is continuous from R into B(X) equipped
with the point weak* topology, i.e. if the map t 7→ 〈y, Tt(x)〉X∗,X is continuous on R+ for any
x ∈ X and any y ∈ X∗.
Representations of groups and kernels Let X be a Banach space. Let π : G→ B(X) be a
representation of a groupG onX . Then we say that π is bounded when sup
{‖πt‖ : t ∈ G} <∞.
We need some notions and results of the papers [DLG1] and [DLG2]. Recall that a non-
empty subset D of a semigroup2 S is called a two-sided ideal [DLG1, page 65] [EFHN, page
318] if SD ⊂ D and if DS ⊂ D. If S is a semigroup, the intersection of all the two-sided
ideals of S is called the kernel of S [DLG1, page 66] [EFHN, page 318]. If S is a compact
(Hausdorff) semitopological semigroup, that is a semigroup with a separately continuous semi-
group operation, then it is known [DLG1, Theorem 2.3] [EFHN, Lemma 16.4] that its kernel is
non-empty.
2. A semigroup is a set supplied with an associative binary operation. Unfortunately, in this paper, we also use
semigroups (Tt)t>0 indexed by R
+. For such a semigroup, we require that T0 = Id.
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Let π : G → B(X) be a (non-continuous) bounded representation of a topological group G
on a reflexive Banach space X . We denote by
Xc = {x ∈ X : t 7→ πt(x) is continuous from G to X equipped with the weak topology}
the subspace of continuously translated elements of X for the representation π, see [DLG2,
Definition 2.1]. By [DLG2, Corollary 2.9], if G is locally compact then for any x ∈ Xc the map
t 7→ πt(x) is continuous.
Let VG(e) be the set of all neighbourhoods V of the identity e of G. We then set Sc(π) be the
closure in the weak operator topology of the convex hull of
⋂
V ∈VG(e) {πt : t ∈ V }
wo
and called
the convex semigroup of π over the identity e [DLG2, page 140]3. Then it is known [DLG2,
Lemma 2.3] that Sc(π) endowed with the weak operator topology is a compact semitopological
semigroup. The papers [DLG1] and [DLG2] give the following result which will be only used in
Section 5.
Theorem 2.5 Let X be a reflexive Banach space and π : G → B(X) be a (non-continuous)
bounded representation of a commutative topological group G. Then the kernel K(π) of the
convex semigroup Sc(π) of π contains a unique idempotent Q and Q is a bounded projection of
X on Xc with Qπt = πtQ for any t ∈ G.
Proof : First, by [DLG2, page 136] that any bounded (non-continuous) representation of G
on a reflexive Banach space is locally weakly almost periodic, that is the assumption written
in [DLG2, page 139] of [DLG2, Section 2] is satisfied. Since G is abelian, the remark before
[DLG2, Lemma 2.4] says that the kernel of K(π) reduces to a single idempotent Q. By [DLG2,
Lemma 2.4], Q is a bounded projection from X onto Xc with Qπt = πtQ for any t ∈ G.
Accumulation points Let (yi)i∈I be a net in a topological space Y . An accumulation point
of the net (yi)i∈I is an element of the intersection
⋂
F∈F F where
F = {F ⊂ X : there exists i0 ∈ I such that {yi : i > i0} ⊂ F}
or equivalently a limit of some subnet of (yi)i∈I .
3 Dilations of semigroups on von Neumann algebras
Suppose that X is a dual Banach space X with predual X∗. Recall that B(X) is a dual Banach
space with the Banach space X⊗ˆX∗ as predual where ⊗ˆ denotes the projective tensor product.
Note that the weak* topology on B(X) is different from the point weak* topology. However,
these topologies coincide on bounded subsets of B(X) by [Pau, Lemma 7.2]. We will often use
this identification without saying it.
It is well-known that the space Bw∗(X) of weak* continuous operator of B(X) is a semi-
topological semigroup with respect to the point weak* topology, see [BJM, Exercise 1.12 page
251] and [BGKS, Lemma 2.1].
Let G be a topological group and let π : G → B(X) be a (non-continuous) bounded repre-
sentation on a dual Banach space X . We define the subspace
Xw∗ =
{
x ∈ X : t 7→ 〈y, πt(x)〉X∗,X is continuous from G to C for any y ∈ X∗}
3. In [DLG2, page 140], the convex semigroup over e of a representation U is denoted by S(U).
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ofX called subspace of weak* continuously translated elements of X . Recall that VG(e) denotes
the set of all neighbourhoods V of the identity e of G. We then set Sw∗(π) to be the closure in
the weak* topology of B(X) of the convex hull of
⋂
V ∈VG(e) {πt : t ∈ V }
w∗
, endowed with the
weak* topology where the closure is also taken for the weak* topology:
(3.1) Sw∗(π) = Convw
∗ ⋂
V ∈VG(e)
{πt : t ∈ V }w
∗
.
The following proposition is a weak* analogue of [DLG2, lemma 2.3].
Proposition 3.1 Let π : G → B(X) be a bounded (non-continuous) representation of a topo-
logical group G on a dual Banach space X. The set Xw∗ consists of precisely those x in X
which are fixed under all T in
⋂
V ∈VG(e) {πt : t ∈ V }
w∗
:
Xw∗ =
{
x ∈ X : T (x) = x for any T ∈
⋂
V ∈VG(e)
{πt : t ∈ V }w
∗
}
.
Proof : Consider x ∈ Xw∗ . If y ∈ X∗ then using the continuity of t 7→
〈
y, πt(x)
〉
X∗,X
at the
neutral element e, we see that for any ε > 0 that there exists a neighbourhood Vε,x,y of the
neutral element e such that for any t ∈ Vε,x,y
(3.2)
∣∣∣〈y, πt(x)〉X∗,X − 〈y, x〉X∗,X∣∣∣ < ε.
Let T be an element of the closure {πt : t ∈ Vε,x,y}w
∗
. There exists a net
(
πti
)
i∈I with ti ∈
Vε,x,y converging to T in the weak* topology. For any i ∈ I, by (3.2), we have∣∣∣〈y, πti(x)〉X∗,X − 〈y, x〉X∗,X ∣∣∣ < ε.
Passing to the limit, we obtain∣∣∣〈y, T (x)− x〉
X∗,X
∣∣∣ = ∣∣∣〈y, T (x)〉
X∗,X
− 〈y, x〉X∗,X
∣∣∣ < ε.
Now, if T0 ∈
⋂
V ∈VG(e) {πt : t ∈ V }
w∗
then for any ε > 0 and any y ∈ X∗ the element T0 belongs
to {πt : t ∈ Vε,x,y}w
∗
. For any y ∈ X∗, we deduce that |〈y, T0(x) − x〉X∗,X | < ε for any ε > 0
and thus ∣∣∣〈y, T0(x)− x〉X∗,X ∣∣∣ = 0.
We conclude that T0(x) = x.
For the reverse inclusion, let x ∈ X fixed by all elements of ⋂V ∈VG(e) {πt : t ∈ V }w∗ , i.e.
suppose that for any T ∈ ⋂V ∈VG(e) {πt : t ∈ V }w∗ we have T (x) = x. Consider a net (ti)i∈I in
G converging to the identity e. Since the representation π is bounded, the subset {πt : t ∈ G}w
∗
is weak* compact by [Meg1, Corollary 2.6.19] (hence compact for the point weak* topology).
Using the continuous map B(X) → X , T 7→ T (x), where the first space is equipped with
the point weak* topology and the second with the weak* topology, we see that the subset
{πt : t ∈ G}w
∗
· x of X is compact for the weak* topology.
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Note that an accumulation point of the net
(
πti
)
i∈I is an element of
⋂
F∈F F
w∗
where
F = {F ⊂ B(X) : there exists i0 ∈ I such that {πti : i > i0} ⊂ F}.
For any neighbourhood V of the neutral element e there exists iV such that i > iV implies
ti ∈ V and thus πti ∈ π(V ). Thus the set {πti : i > iV } is included in {πt : t ∈ V }. Then the
set {πt : t ∈ V } belongs to F . We deduce that⋂
F∈F
F
w∗ ⊂
⋂
V ∈VG(e)
{πt : t ∈ V }w
∗
.
We conclude that the net
(
πti
)
i∈I can have accumulation points only in the intersection⋂
V ∈VG(e) {πt : t ∈ V }
w∗
.
Now, it is not difficult to see that the net
(
πti(x)
)
i∈I of X can only have accumulation
points in the weak* topology of in
⋂
V ∈VG(e) {πt : t ∈ V }
w∗ · x = {x}. For this, let z ∈ X be an
accumulation point of
(
πti(x)
)
i∈I in the weak* topology of X . Given a neighbourhood V of e,
we find, for any weak* topology neighbourhood W of z, some i ∈ I such that
ti ∈ V and πti(x) ∈W.
Hence we have (
{πt : t ∈ V }w
∗
· x
)
∩W 6= ∅.
We infer that z belongs to the weak* closure of {πt : t ∈ V }w
∗
·x. Since the subset {πt : t ∈ V }w
∗
·
x is closed as the continuous image of the compact set {πt : t ∈ V }w
∗
, we conclude that z belongs
to {πt : t ∈ V }w
∗
· x.
Lying in the weak* compact subset {πt : t ∈ G}w
∗
·x of X , we infer that the net (πti(x))i∈I
converges for the weak* topology to x. Consequently, the map t 7→ πt(x) is weak* continuous
at t = e, hence everywhere, completing the proof.
The following result is a particular case of the combination of [BGKS, Theorem 1.2], [BGKS,
Proposition 5.5], [BGKS, Remark 5.6] and [BGKS, Corollary 4.3] (and its proof). This is [KuN,
Theorem 2.4] with some complements.
Theorem 3.2 Let M be a von Neumann algebra equipped with a normal faithful state φ. Let
S be a semigroup of φ-Markov maps. The closure ConvS
w∗
of the convex hull Conv(S )
of S in the weak* topology of B(M) is a compact semitopological semigroup and its kernel is
a singleton {E} where E is a faithful normal conditional expectation E : M → M leaving φ
invariant satisfying
Ran E =
{
x ∈M : T (x) = x for any T ∈ S }.
Proof : By Lemma 2.2, ConvS is a bounded semigroup consisting of φ-Markov maps. In
particular, each map T : M → M of ConvS is a unital completely positive map, hence a
Schwarz map by [Pau, Proposition 3.3], i.e.:
T (x)∗T (x) 6 T (x∗x), x ∈M.
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By composition with the state ϕ, we deduce that for any x ∈M
ϕ
(
T (x)∗T (x)
)
6 ϕ
(
T (x∗x)
)
= ϕ(x∗x),
that is the assumption [BGKS, Theorem 3.2 (2)]. Consequently, by applying [BGKS, Theorem
3.2] with ConvS instead of S , we deduce that the closure ConvS
w∗
of the convex hull
Conv(S ) of S in the point weak* topology of B(M) is a compact semitopological semigroup
and that its kernel is a compact topological group for the point weak* topology whose the unit
P is the unique minimal projection of ConvS
w∗
. Note that the proof of [BGKS, Theorem 3.2]
shows that each element of ConvS
w∗
is weak* continuous and it is clear by a limit argument
that an element of ConvS
w∗
preserves the state. Hence P : M →M is weak* continuous and
preserves the state. Now the proof of [BGKS, Theorem 4.3] and its proof say that the kernel is
equal to the singleton {P} and that
Ran P =
{
x ∈M : T (x) = x for any T ∈ S }.
By [BGKS, Remark 5.6], the projection P is faithful in the sense of [BGKS, page 19]. Then
[BGKS, Proposition 5.5] says4 that the weak* continuous projection P leaving φ invariant is a
(normal) faithful conditional expectation E : M →M .
The following lemma is a generalization of [Fen1, Lemma 3]. Thanks to the uniformly
convexity of noncommutative Lp-spaces [PiX, Corollary 5.2], this lemma can be applied to
noncommutative Lp-spaces.
Lemma 3.3 Let X be a Banach space and let Y be a locally uniformly convex Banach space.
Let (Tt)t>0 be a strongly continuous semigroup of contractions on X. Let (Ut)t∈Q be a (non
continuous) group of isometries on X and J : X → Y and P : Y → X two contractions such
that Tt = PUtJ for any t ∈ Q+. If x ∈ X then the map
Q −→ Y
t 7−→ UtJ(x)
is continuous from Q to Y with its norm topology.
Proof : Let x ∈ X with ‖x‖ = 1. Since IdX = T0 = PJ , we have ‖J(x)‖Y = ‖x‖X = 1. By
the locally uniform convexity of Y , if ε > 0 there exists δ(ε, x) > 0 such that if y ∈ Y satisfies
‖y‖Y = 1 and ‖y+J(x)‖Y2 > 1− δ(ε, x) we have
(3.3) ‖y − J(x)‖Y 6 ε.
Since (Ut)t∈Q is a group of isometries, it suffices to show, for x ∈ X , the continuity from the
right of the map s 7→ UtJ(x) at t = 0. Given ε > 0, by the strong continuity of (Tt)t∈Q there
exists η > 0 such that 0 6 t 6 η implies ‖Tt(x) − x‖X 6 δ(ε, x). Hence, for any t ∈ Q ∩ [0, η]
we have∥∥UtJ(x) + J(x)∥∥Y > ‖PUtJ(x) + PJ(x)‖X = ‖Tt(x) + x‖X = ∥∥2x− (x− Tt(x))∥∥X
> ‖2x‖X − ‖Tt(x) − x‖X > 2− δ(ε, x) > 2− 2δ(ε, x).
Hence ‖UtJ(x)+J(x)‖Y2 > 1−δ(ε, x). Since ‖UtJ(x)‖Y = ‖J(x)‖Y = ‖x‖X = 1, by (3.3), we infer
that ‖UtJ(x)− J(x)‖Y 6 ε.
The following lemma is a variant of the above lemma and is a key lemma. The proof uses
mysteriously some noncommutative Lp-spaces for 1 < p <∞.
4. Note that [BGKS, Theorem 3.2] is a particular case of [BGKS, Theorem 1.2].
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Lemma 3.4 Let M, and N be von Neumann algebras equipped with normal faithful states φ
and ψ. Let (Tt)t>0 be a weak* continuous semigroup of φ-Markov maps on M . Let (Ut)t∈Q
be a group of ∗-automorphisms of N leaving ψ invariant and J : M → N a (φ, ψ)-Markov ∗-
monomorphism such that Tt = EUtJ for any t ∈ Q+ where E : N →M is the canonical faithful
normal conditional expectation preserving the states associated with J . For any x ∈M and any
y ∈ L1(N), the map
Q −→ C
t 7−→ 〈y, UtJ(x)〉L1(N),N
is continuous.
Proof : We fix 1 < p < ∞. The semigroup (Tt)t>0 induces a strongly continuous semigroup
(Tt,p)t>0 of contractions on L
p(M) and the semigroup (Ut)t∈Q induces a group of isometries
(Ut,p)t∈Q on Lp(N). Moreover J induces an isometric embedding Jp of Lp(M) into Lp(N) and
E a contractive map Ep from L
p(N) onto Lp(M). For any x ∈ Lp(M), by Lemma 3.3, the
map t 7→ Ut,pJp(x) is continuous from Q into Lp(N) with its norm topology. Let t0 ∈ Q and
let Dψ ∈ L1(N) be the density operator of ψ. Note that D
1
2p
ψ belongs to L
2p(N). For any
z ∈ Lp∗(N) and any x ∈ N , we have〈
D
1
2p
ψ zD
1
2p
ψ , UtJ(x)
〉
L1(N),N
=
〈
z,D
1
2p
ψ UtJ(x)D
1
2p
ψ
〉
Lp∗ (N),Lp(N)
=
〈
z, Ut,pJp(x)
〉
Lp∗(N),Lp(N)
−−−→
t→t0
〈
z, Ut0,pJp(x)
〉
Lp∗(N),Lp(N)
=
〈
z,D
1
2p
ψ Ut0J(x)D
1
2p
ψ
〉
Lp∗ (N),Lp(N)
=
〈
D
1
2p
ψ zD
1
2p
ψ , Ut0J(x)
〉
L1(N),N
.
Recall that D
1
2p
ψ L
p∗(N)D
1
2p
ψ is norm dense in the Banach space L
1(N). Now, with a ε3 -argument,
it is not difficult to complete this proof.
Now we can prove our first main result. We use a similar strategy to the one of Fendler
[Fen1]. However, the method of [Fen1] does not apply identically to our context. We will use
some results from the papers [DLG1] and [DLG2].
Theorem 3.5 let M be a von Neumann algebra equipped with a normal faithful state φ. Let
(Tt)t>0 be a weak* continuous semigroup of factorizable φ-Markov map on M . Then the semi-
group (Tt)t>0 is dilatable.
Proof : For a finite set B ⊂ Q let UB = {n ∈ N : nt ∈ Z for any t ∈ B}5. Then the set of all
sets {UB : B ⊂ Q, B finite} is closed under finite intersections6 and thus constitutes the basis
of some filter F which is contained in some ultrafilter U .
Using [HaM, Theorem 4.4], for any integer n > 0, we note that the operator T 1
n
: M → M
is dilatable. This means that there exist a von Neumann algebra N 1
n
equipped a normal
faithful state ϕ 1
n
, a ∗-automorphism S 1
n
of N 1
n
leaving ϕ 1
n
invariant and a (φ, ϕ 1
n
)-Markov
∗-monomorphism J 1
n
: M → N 1
n
such that
(
T 1
n
)k
= E 1
n
(
S 1
n
)k
J 1
n
, k > 0,
5. Roughly speaking, the set UB consists of the common multiples of the denominators of the rationals of B.
6. Note that IB = {n ∈ Z : nt ∈ Z for any t ∈ B} is an ideal of Z. Hence we can write IB = nBZ. We deduce
that UB = nBN. Finally UB ∩ UB′ = U
{
1
LCM(nB,nB′
)
}.
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where E 1
n
= (J 1
n
)∗ : N 1
n
→ M is the canonical ϕ 1
n
-preserving normal faithful conditional ex-
pectation associated with J 1
n
. For t ∈ Q, we define the operator S 1
n
,t : N 1
n
→ N 1
n
by
S 1
n
,t =
{
(S 1
n
)nt if nt ∈ Z
IdN 1
n
if nt /∈ Z .
If B = {t1, . . . , tk} ⊂ Q+ is a finite subset, then for t ∈ B and n ∈ UB we have nt ∈ Z and thus
(3.4) Tt =
(
T 1
n
)nt
= E 1
n
(
S 1
n
)nt
J 1
n
= E 1
n
S 1
n
,tJ 1
n
,
i.e. the following diagram commutes.
N 1
n
S 1
n
,t
// N 1
n
E 1
n

M
Tt
//
J 1
n
OO
M
We consider the following ultraproducts of von Neumann algebras
MU = (M,φ)U and N˜ =
(
N 1
n
, ϕ 1
n
)U
.
We equip N˜ with the normal faithful state ϕ =
(
ϕ 1
n
)U
. Using Proposition 2.4, we can
consider the canonical inclusion I : M → MU x 7→ (x, x, . . .)U which is a (φ, φU )-Markov
∗-monomorphism and the associated normal faithful conditional expectation E : MU → M ,
(xn)
U 7→ w∗- limn→U xn. Using Proposition 2.3, we can introduce the operators
(3.5) J˜ =
(
J 1
n
)UI, S˜t = (S 1
n
,t
)U
, t ∈ Q.
By composition the map J˜ : M → N˜ is a (φ, ϕ)-Markov ∗-monomorphism. For any t ∈ Q, note
also that the map S˜t : N˜ → N˜ is a ∗-automorphism of N˜ leaving ϕ invariant. Let E˜ = J˜∗ : N˜ →
M be the canonical faithful normal conditional expectation associated with J˜ . We have
(3.6) E˜ =
(
J˜
)∗
=
((
J 1
n
)UI)∗ = I∗((J 1
n
)U)∗
= E
(
E 1
n
)U
.
Let us check that the map
S˜ : Q −→ B(N˜)
t 7−→ S˜t
is a representation and that it defines a dilation of the semigroup (Tt)t∈Q+ . Suppose t, t′ ∈ Q
and x = (xn)
U ∈ N˜ . If n ∈ U{t,t′} (i.e. for n sufficiently large) then we have nt, nt′ ∈ Z and
n(t+ t′) = nt+ nt′ ∈ Z. Then we obtain
S 1
n
,t+t′(xn) =
(
S 1
n
)n(t+t′)
(xn) =
(
S 1
n
)nt+nt′
(xn) = S
nt
1
n
(
Snt
′
1
n
(xn)
)
= S 1
n
,t
(
S 1
n
,t′(xn)
)
.
We have
(
Sn,t+t′(xn)
)U
=
(
Sn,t
(
Sn,t′(xn)
))U
and thus
S˜t+t′
(
(xn)
U) = S˜tS˜t′((xn)U).
14
Moreover, for any t ∈ Q+ and any x ∈M , using (3.5) and (3.6) in the first equality, we have
E˜S˜tJ˜(x) = E
(
E 1
n
)U(
S 1
n
,t
)U(
J 1
n
)UI(x) = E(E 1
n
)U(
S 1
n
,t
)U(
J 1
n
)UI(x) = w∗- lim
n→U
E 1
n
S 1
n
,tJ 1
n
(x).
By (3.4), if n ∈ U{t}, we have E 1
n
S 1
n
,tJ 1
n
(x) = Tt(x). We deduce that
(3.7) E˜S˜tJ˜ = Tt, t ∈ Q+.
Recall that the weak* topology on B(N˜) is finer than the point weak* topology. Thus, us-
ing Lemma 2.2, we see that each element of
⋂
V ∈VQ(0) {S˜t : t ∈ V }
w∗
is a ϕ-Markov map, in
particular weak* continuous.
Using the bounded representation S˜ : Q → B(N˜), t 7→ S˜t, we can use the notation Sw∗(S˜)
defined in (3.1).
Lemma 3.6 The sets
⋂
V ∈VQ(0) {S˜t : t ∈ V }
w∗
and Sw∗(S˜) are semigroups for the product of
operators.
Proof : Let T and R be elements of
⋂
V ∈VQ(0) {S˜t : t ∈ V }
w∗
. Let U be a neighbourhood of R
for the weak* topology. For any neighbourhood V of e, we have U ∩ {S˜t : t ∈ V } 6= ∅. Hence
there exists tV,U ∈ V such that S˜tV,U ∈ U . The net7 (tV,U ) converges8 to e in G and the net
(S˜tV,U ) converges
9 to R in the weak* topology.
Let V be a neighbourhood of the neutral element e of G. Using [HeR1, Theorem 4.5], choose
a neighbourhood W of e such that W 2 ⊂ V . Note that T ∈ {S˜t : t ∈W}
w∗
. We have
{S˜t : t ∈W} · {S˜t : t ∈W} ⊂ {S˜t : t ∈ V } ⊂ {S˜t : t ∈ V }
w∗
.
If V ′ ⊂W , i.e. if (W,U)  (V ′, U), we have tV ′,U ∈ V ′ ⊂W . Recalling that the multiplication
of operators is separately continuous in the point weak* topology on the subspace of weak*
continuous operators, we obtain10
T · S˜tV ′,U ∈ {S˜t : t ∈W}
w∗
· {S˜t : t ∈W} ⊂ {S˜t : t ∈ V }
w∗
.
Passing to the limit, we deduce that TR ∈ {S˜t : t ∈ V }
w∗
for any neighbourhood V of e. Hence
TR belongs to the set
⋂
V ∈VQ(0) {S˜t : t ∈ V }
w∗
, i.e. this latter set is a semigroup. Consequently,
the convex hull of
⋂
V ∈VQ(0) {S˜t : t ∈ V }
w∗
is11 also a semigroup. Separate continuity of multi-
plication shows by a two-step argument that the same is true of the point weak* closure Sw∗(π).
7. Declare that (V1, U1)  (V2, U2) if V2 ⊂ V1 and U2 ⊂ U1.
8. Let V0 be a neighbourhood of e. Choose a neighbourhood U0 of R for the weak* topology. Then for any
(V,U) such that (V, U)  (V0, U0) we have tV,U ∈ V ⊂ V0.
9. Let U0 be a neighbourhood of R for the weak* topology. Choose a neighbourhood V0 of e. Then for any
(V,U) such that (V, U)  (V0, U0) we have S˜tV,U ∈ U ⊂ U0.
10. Here, it is crucial that each operator of {S˜t : t ∈W}
w
∗
is weak* continuous.
11. Note that ((1− t)x+ ty)((1− t′)x′ + t′y′) = tt′xx′′ + t(1− t′)xy′ + (1− t)t′yx′ + (1− t)(1− t′)yy′ and that
tt′ + t(1 − t′) + (1 − t)t′ + (1 − t)(1 − t′) = 1.
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From Theorem 3.2 with S =
⋂
V ∈VQ(0) {S˜t : t ∈ V }
w∗
, we deduce that the kernel of the
weak* closure Sw∗(S˜) of the convex hull of ⋂V ∈VQ(0) {S˜t : t ∈ V }w∗ is a singleton {Ew∗} where
Ew∗ : N˜ → N˜ is a faithful normal conditional expectation preserving ϕ satisfying
Ran Ew∗ =
{
x ∈ N˜ : T (x) = x for any T ∈ S
}
.
By Proposition 3.1, the subspace N˜w∗ of weak* continuously translated elements of N˜ of the
representation Q→ B(N˜), t 7→ S˜t is equal to the fixed point subspace of S :
N˜w∗ =
{
x ∈ N˜ : T (x) = x for any T ∈ S
}
.
Hence the von Neumann algebra Ran Ew∗ is equal to N˜w∗ . Now, for any t ∈ Q, we will prove
the following lemma.
Lemma 3.7 For any t ∈ Q, we have
S˜tEw∗ = Ew∗ S˜t.
Proof : For any t ∈ Q, using the weak* continuity of S˜t we have
S˜t
 ⋂
V ∈VQ(0)
{S˜s : s ∈ V }
w∗
 S˜t−1 = ⋂
V ∈VQ(0)
S˜t{S˜s : s ∈ V }
w∗
S˜t
−1
=
⋂
V ∈VQ(0)
S˜t{S˜s : s ∈ V }S˜t
−1w
∗
=
⋂
V ∈VQ(0)
{S˜s : s ∈ V }
w∗
.
This implies that
S˜t
(
Conv
⋂
V ∈VQ(0)
{S˜s : s ∈ V }
w∗
)
S˜t
−1 ⊂ Conv
⋂
V ∈VQ(0)
{S˜s : s ∈ V }
w∗
and finally by using again the weak* continuity of S˜t
S˜tSw∗(S˜)S˜t
−1
= Sw∗(S˜).
So the map T 7→ S˜tT S˜t
−1
induces an automorphism of the semigroup Sw∗(S˜). But any auto-
morphism of the semigroup Sw∗(π) preserves the least ideal, i.e. the kernel {Ew∗} of Sw∗(S˜).
We deduce that S˜tEw∗ S˜t
−1
= Ew∗ for any t ∈ Q.
By [AbA, Theorem 2.22], we deduce that Ran Ew∗ is invariant under the operator S˜t for
any t ∈ Q. By Proposition 3.4, the range Ran(J˜) of the map J˜ : M → N˜ is contained in the
subspace N˜w∗ of continuously translated elements of N˜ of the representation S˜ : Q → B
(
N˜
)
,
t 7→ S˜t. Now, we consider the von Neumann algebra N = N˜w∗ equipped with the restriction ψ
of the normal state ϕ and for any t ∈ Q we introduce the ∗-automorphism preserving the states
Ut = S˜t|N˜w∗ : N˜w∗ → N˜w∗ .
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Note that the map U : Q→ B(N), t 7→ Ut is a representation and is continuous where B(N) is
equipped with the point weak* topology. Finally, we let J : M → N˜w∗ = N be the canonical
∗-monomorphism which is a (φ, ψ)-Markov map and E = J∗ : N →M be the associated normal
faithful conditional expectation.
N˜
S˜t //
Ew∗
""
N˜
E˜
zz
N˜w∗ = N
?
OO
Ut=S˜t|N˜w∗ // N = N˜w∗
E

?
OO
M
Tt
//
J
OOJ˜
::
M
Using (3.7), it is (really) not difficult to see that for any t ∈ Q+ we have
Tt = EUtJ, t ∈ Q+.
By point weak* continuity, the map U : Q → B(N), t 7→ Ut can be extended to a continuous
map U : R → B(N) where B(N) is equipped the point weak* topology. Consider some fixed
t ∈ R. There exists a sequence (tk) of elements of Q which converges to t. Since Utk : N → N
is a homomorphism, for any x, x′ ∈ N and any y ∈ N∗, we have〈
y, Utk(xx
′)
〉
N∗,N
=
〈
y, Utk(x)Utk (x
′)
〉
N∗,N
.
By letting k tend to infinity, we deduce that Ut(xx
′) = Ut(x)Ut(x′). Similarly, for any x ∈ N
and any t ∈ R, we prove that Ut(x∗) = Ut(x)∗, the linearity of Ut and that Ut preserves the
state ψ. For any x ∈ N , any y ∈ N∗ and any t, t′ ∈ Q we have〈
y, Ut+t′(x)
〉
N∗,N
=
〈
y, UtUt′(x)
〉
N∗,N
.
It is not difficult to deduce by approximation that U : R → B(N) is a representation, i.e. that
for any t, t′ ∈ R we have
Ut+t′ = UtUt′ .
We deduce that UtU−t = U−tUt = U0 = IdN . Hence each Ut is a ∗-automorphism of N .
We conclude that t 7→ Ut defines a weak* continuous group (Ut)t∈R of ∗-automorphisms of N
leaving ψ invariant.
For any x ∈M and any y ∈M∗, we obtain〈
y, Tt(x)
〉
M∗,M
=
〈
y,EUtJ(x)
〉
M∗,M
t ∈ R+,
since both sides are continuous functions of t ∈ R+ and the above equality is valid for the dense
subset Q+ of R+. We conclude that
Tt = EUtJ, t ∈ R+.
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Remark 3.8 It is obvious that if M is a von Neumann algebra equipped with a faithful finite
normal trace then N is also equipped with a faithful finite normal trace. See [AnH, Section 6.1]
for related things.
Remark 3.9 We refer to [AHW], [AnH], [CL] and [Oza] for QWEP von Neumann algebras.
We say [Arh2, Definition 1.2] that a φ-Markov map T : M → M is QWEP-factorizable if the
definition of factorizability of the introduction is satisfied with a QWEP von Neumann algebra
N . Similarly, we say [Arh2, Definition 1.3] that a weak* continuous semigroup (Tt)t>0 of φ-
Markov maps is QWEP-dilatable if the definition 1.3 is satisfied with a QWEP von Neumann
algebra N . It is easy to see that if each operator Tt is QWEP-factorizable then the semigroup
(Tt)t>0 is QWEP-dilatable. Indeed, for any integer n the proof of [HaM, Theorem 4.4] gives a
QWEP von Neumann algebra N 1
n
(use [Oza, Proposition 4.1 (ii)b and (iii)]). Now, if each N 1
n
has QWEP, then by [AHW, Lemma 4.3] the ultraproduct N˜ = (N 1
n
, ϕ 1
n
)U has also QWEP.
Finally, we conclude that N = N˜w∗ has QWEP by [Oza, Proposition 4.1 (ii)]. This remark
is useful for applications of dilations to the theory [Jun2] of vector-valued noncommutative
Lp-spaces associated to QWEP von Neumann algebras.
Remark 3.10 Let M be a von Neumann algebra equipped with a normal faithful state φ.
Recall that we say [Arh2, Definition 1.2] that a φ-Markov map T : M →M is hyper-factorizable
if the definition of factorizability of the introduction is satisfied with a hyperfinite von Neumann
algebraN . We say that a weak* continuous semigroup (Tt)t>0 of φ-Markov maps onM is hyper-
dilatable if the definition 1.3 is satisfied with a hyperfinite von Neumann algebra N . Then the
following open question is natural. Does every weak* continuous semigroup (Tt)t>0 of hyper-
factorizable φ-Markov maps on M is hyper-dilatable ? By [Arh1, Proposition 5.5], the answer
is positive for all weak* continuous semigroups of Tr -Markov selfadjoint Schur multipliers on
B(ℓ2n).
4 Concrete dilations on von Neumann algebras
A default of our construction is its non-constructivist nature. Hence a natural problem is
to find other concrete dilations of particular weak* continuous semigroups of factorizable φ-
Markov map. For example, [Arh1, Proposition 5.5] and [Arh4] describe a concrete dilation for
semigroups of selfadjoint Schur multipliers. The q-Ornstein-Uhlenbeck semigroup has a obvious
dilation, essentially contained in the proof of [JMX, Theorem 9.4]. In the sequel, we will give
other natural dilations of some classical semigroups.
Poisson semigroup on Rn If ωn =
2π
n
2
Γ(n2 )
is the usual area of the unit ball of Rn, we can
consider the Poisson kernel [Fol1, page 93] pRn,t(x) =
2t
ωn+1(t2+|x|2)
n+1
2
where t > 0 and x ∈ Rn
and where |·| denotes the standard Euclidean norm on Rn. We denote by (PRn,t)t>0 the Poisson
semigroup on L∞(Rn). For any t > 0 and any f ∈ L∞(Rn), we have for almost all x ∈ Rn
[
PRn,t(f)
]
(x) = (pRn,t ∗ f)(x) =
∫
Rn
2t
ωn+1(t2 + |y|2)n+12
f(x− y) dµRn(y).
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Using the change of variables y = tu in the first equality, we see that for any t > 0 and almost
all x ∈ Rn
[
PRn,t(f)
]
(x) =
∫
Rn
2t
ωn+1(t2 + |tu|2)n+12
f(x− tu)tn dµRn(u)
(4.1)
=
∫
Rn
2
ωn+1(1 + |u|2)n+12
f(x− tu) dµRn(u) =
∫
Rn
f(x− ty) 2
ωn+1(1 + |y|2)n+12
dµRn(y).
With the function g : Rn → R, y 7→ 2
ωn+1(1+|y|2)
n+1
2
, the computation of [Fol1, page 93] says
that the measure ν = g · µRn is a probability measure. So the equality (4.1) is also true for
t = 0.
We introduce a unital normal ∗-monomorphism J : L∞(Rn) → L∞(Rn)⊗L∞(Rn, ν), f 7→
f ⊗ 1 which is trace preserving, the associated trace preserving normal faithful conditional
expectation E : L∞(Rn)⊗L∞(Rn, ν)→ L∞(Rn), f ⊗ g 7→ (∫
Rn
g dν)f and finally for any t ∈ R,
the operator Ut : L
∞(Rn)⊗L∞(Rn, ν)→ L∞(Rn)⊗L∞(Rn, ν), g 7→ ((x, y) 7→ g(x− ty, y)). It is
left to the reader to check that each Ut is a ∗-automorphism of L∞(Rn)⊗L∞(Rn, ν). For any
positive function g ∈ L1(Rn × Rn, µRn ⊗ ν) ∩ L∞(Rn × Rn, µRn ⊗ ν) and any t ∈ R, we have
using Fubini’s Theorem twice and a change of variables in the second equality∫
Rn×Rn
[
Ut(g)
]
(x, y) dµRn(x) dν(y) =
∫
Rn
(∫
Rn
g(x− ty, y) dµRn(x)
)
dν(y)
=
∫
Rn×Rn
g(x, y) dµRn(x) dν(y).
We deduce that Ut is trace preserving. Moreover, for any t, t
′ > 0 and any g ∈ L∞(Rn)⊗L∞(Rn, ν),
we have for almost all (x, y) ∈ Rn × Rn[
UtUt′(g)
]
(x, y) =
[
Ut′(g)
]
(x− ty, y) = g(x− (t− t′)y, y) = [Ut+t′(g)](x, y).
We deduce that UtUt′ = Ut+t′ . It is not difficult to check that the group (Ut)t∈R is weak*
continuous. Now, for any t > 0 and any f ∈ L∞(Rn), we have for almost all x ∈ Rn
[
EUtJ(f)
]
(x) =
∫
Rn
[
UtJ(f)
]
(x, y) dν(y) =
∫
Rn
[
Ut(f ⊗ 1)
]
(x, y) dν(y)
=
∫
Rn
(f ⊗ 1)(x− ty, y) dν(y) =
∫
Rn
f(x− ty) dν(y)
=
∫
Rn
f(x− ty) 2
ωn+1(1 + |y|2)n+12
dµRn(y) =
[
PRn,t(f)
]
(x).
So we obtain a dilation of the semigroup (PRn,t)t>0 for a suitable variant of Definition 1.3 for
semifinite von Neumann algebras.
Poisson semigroup on Tn Here we identify L∞(Tn) with the space consisting of 1-periodic
functions in the n canonical directions on Rn. If t > 0, we introduce the function pTn,t : T
n → C
by
pTn,t(y) =
∑
m∈Zn
e−2πt|m|em(y), y ∈ Rn
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where em(y) = e
2iπm1y1 · · · e2iπmnyn and by (PTn,t)t>0 the Poisson semigroup on L∞(Tn). Recall
that for any t > 0 and any m ∈ Zn we have for almost all x ∈ Rn[
PTn,t(f)
]
(x) = (pTn,t ∗ f)(x) =
∫
[0,1]n
pTn,t(s)f(x− y) dy =
∑
m∈Zn
fˆ(m)e−2πt|m|em(x).
Recall that it is well-known that the Poisson summation formula, [Gra1, (3.2.4)], gives the
following relation for any t > 0
pTn,t(y) =
∑
m∈Zn
pRn,t(y +m), y ∈ Rn.
Consequently, for any t > 0 and any f ∈ L∞(Tn), using Weil’s formula in the third equality
and (4.1) in the last equality, we have for any t > 0 and for almost all x ∈ Rn
[
PTn,t(f)
]
(x) =
∫
[0,1]n
pTn,t(y)f(x− y) dy =
∫
[0,1]n
∑
m∈Zn
pRn,t(y +m)f(x− y) dy
(4.2)
=
∫
Rn
pRn,t(y)f(x− y) dy =
[
PRn,t
(
f
)]
(x) =
∫
Rn
f(x− ty) 2
ωn+1(1 + |y|2)n+12
dµRn(y).
Now, it is easy to construct a dilation for (PTn,t)t>0. Indeed, consider the probability measure
ν = g · µRn introduced in the paragraph concerning the Poisson semigroup on Rn. First note
that the equality (4.2) is also true for t = 0. Now, consider the trace preserving unital normal ∗-
monomorphism J : L∞(Tn)→ L∞(Tn)⊗L∞(Rn, ν), f 7→ f ⊗ 1, the associated trace preserving
normal faithful conditional expectation E : L∞(Tn)⊗L∞(Rn, ν)→ L∞(Tn), f⊗g 7→ (∫
Rn
g dν)f
and finally for any t ∈ R, the operator Ut : L∞(Tn)⊗L∞(Rn, ν) → L∞(Tn)⊗L∞(Rn, ν), g 7→
((x, y) 7→ g(x− ty, y)). It is left to the reader to check that these operators define a dilation of
(PTn,t)t>0.
Remark 4.1 In these particular cases, note that the induced dilations on the associated Lp-
spaces of both examples gives beautiful alternatives to the dilations provided by Fendler’s
theorem [Fen1]. The question of finding dilations without ultraproduct techniques is implicitly
raised in [HvNVW2, page 475].
Noncommutative Poisson semigroup on the von Neumann algebra VN(Fn) of the
free group Fn Let n > 1 be an integer. We denote by Fn a free group with n generators
denoted by g1, . . . , gn. Any s ∈ Fn has a unique decomposition of the form
s = gk1i1 g
k2
i2
· · · gklil ,
where l > 0 is an integer, each ij belongs to {1, . . . , n}, each kj is a non-zero integer, and
ij 6= ij+1 if 1 6 j 6 l − 1. The case when l = 0 corresponds to the unit element s = eFn . By
definition, the length of s is defined as |s| = |k1| + · · · + |kl|. This is the number of factors
in the above decomposition of s. For any nonnegative real number t > 0, we have a normal
unital completely positive map PFn,t : VN(Fn) → VN(Fn), λs → e−t|s|λs These maps define
a weak* continuous semigroup (PFn,t)t>0 called the noncommutative Poisson semigroup, see
[JMX, Chapter 10] and [Haa1] for more information. In [JMX, pages 107-108], it is proved
that PFn,t identifies with the free product ∗16k6nPT, t2pi . Using free products of maps and the
dilation of (PT,t)t>0 it is easy to construct a dilation for (PFn,t)t>0.
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Semigroups of hamiltonians In this subsection, M is a von Neumann algebra equipped
with a normal faithful semifinite trace τ . Let L be a selfadjoint operator affiliated with M .
Consider the Hamiltonian semigroup (Tt)t>0 of operators defined on M by Tt = e
−t(adL)2
where
(adL)(x) = Lx− xL, x ∈ Dom(adL).
It is known that (Tt)t>0 is a weak* continuous semigroup of completely positive maps, see [JuX,
Section 8.4], [JMX, Section 8.B] and [Par1, Example 30.1]. Moreover, if g is a Gaussian variable
on some probability space (Ω, µ) with mean zero and variance
√
2, by [JuX, Section (8.2)] we
have the following formula for any t > 0
Tt(x) = E
[
ei
√
tgLx e−i
√
tgL
]
, x ∈M
where i2 = −1 and where E denotes the expectation with respect to Ω.
We introduce the von Neumann algebra N = L∞(Ω)⊗M equipped with the faithful semifi-
nite normal trace τN = (
∫
Ω · dµ)⊗ τ . Note that, by [BLM, page 41], we have a ∗-isomorphism
N = L∞(Ω,M). We consider the canonical trace preserving normal unital ∗-monomorphism
J : M → L∞(Ω)⊗M , x 7→ 1⊗ x and the associated trace preserving normal faithful conditional
expectation E : L∞(Ω)⊗M →M , f ⊗ x 7→ (∫Ω · dµ)x. For any t > 0, we define the element Dt
of N = L∞(Ω,M) by
Dt(ω) = e
i
√
tg(ω)L.
Note that each Dt is a unitary element of N = L
∞(Ω,M). Now, for any t > 0 we define the
∗-automorphism of Ut : L∞(Ω,M) → L∞(Ω,M), f 7→ DtfD∗t of N . For any positive element
f ∈ L1(N) ∩N and any t ∈ R, we have∫
Ω
τ
([
Ut(f)
]
(ω)
)
dµ(ω) =
∫
Ω
τ
([
DtfD
∗
t
]
(ω)
)
dµ(ω)
=
∫
Ω
τ
(
Dt(ω)f(ω)D
∗
t (ω)
)
dµ(ω) =
∫
Ω
τ
(
f(ω)
)
dµ(ω).
We deduce that each map Ut is trace preserving. It is not difficult to check that the group
(Ut)t∈R is weak* continuous. Finally, for any x ∈M and any t > 0, we have
EUtJ(x) = EUt(1 ⊗ x) =
∫
Ω
Ut(1⊗ x) dµ(ω) =
∫
Ω
Dt(ω)(1⊗ x)Dt(ω)∗ dµ(ω)
=
∫
Ω
ei
√
tg(ω)L(1⊗ x)e−i
√
tg(ω)L dµ(ω) = E
[
ei
√
tgLx e−i
√
tgL
]
= Tt(x).
For any t > 0, we conclude that
Tt = EUtJ.
5 Dilations of semigroups on noncommutative Lp-spaces
The goal is to prove Theorem 5.4 below which is a noncommutative Lp variant of Theorem 3.5.
Suppose 1 6 p < ∞. Recall the definition of [JLM, page 239] which says that a contraction
T : Lp(M) → Lp(M) on a noncommutative Lp-space Lp(M) is dilatable if there exist a non-
commutative Lp-space Lp(N), two contractions J : Lp(M) → Lp(N) and P : Lp(N) → Lp(M)
and an isometry U : Lp(N) → Lp(N) such that T k = PUkJ for any integer k > 0. Note that
Akcoglu’s theorem implies that any positive contraction on a commutative Lp-space Lp(Ω) is
dilatable. Now, we introduce a variant.
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Definition 5.1 Suppose 1 6 p <∞. We say that a completely positive contraction T : Lp(M)→
Lp(M) on a noncommutative Lp-space Lp(M) is completely positively dilatable if there exist a
noncommutative Lp-space Lp(N), two completely positive contractions J : Lp(M)→ Lp(N) and
P : Lp(N)→ Lp(M) and a completely positive invertible isometry U : Lp(N)→ Lp(N) with U−1
completely positive such that
T k = PUkJ, k > 0.
Remark 5.2 Note that a dilatable φ-Markov T : M → M on a von Neumann algebra M
equipped with a normal faithful state φ induces a completely positively dilatable contraction
Tp : L
p(M) : → Lp(M) on the associated noncommutative Lp-space Lp(M).
In this section, we use Banach ultraproducts. The same method that the beginning of the
proof of Theorem 3.5 together with the stability of the class of noncommutative Lp-spaces under
Banach ultraproducts [Ray1] gives the following result.
Lemma 5.3 Suppose 1 6 p < ∞. Consider a (not necessarily strongly continuous) semi-
group (Tt)t>0 of completely positive contractions on L
p(M) such that each operator Tt is com-
pletely positively dilatable. Then there exists a noncommutative Lp-space Lp(N˜), a group
(S˜t)t∈Q of completely positive invertible isometries of Lp(N˜), two completely positive contrac-
tions J˜ : Lp(M)→ Lp(N˜) and P˜ : Lp(N˜)→ Lp(M) such that
Tt = P˜ S˜tJ˜ , t ∈ Q+.
One more time, if the semigroup (Tt)t>0 is strongly continuous, the above ultraproduct
construction yields a too large space Lp(N˜). So we cannot expect that the representation
U˜ : t 7→ U˜t of Q to be continuous on Lp(N˜). However, it is still possible to restrict t 7→ U˜t to
a smaller subspace on which the desired continuity holds. We skip the end of the proof of the
following result.
Theorem 5.4 Suppose 1 < p < ∞. Let (Tt)t>0 be a strongly continuous semigroup of com-
pletely positive contractions on a noncommutative Lp-space Lp(M) such that each Tt : L
p(M)→
Lp(M) is completely positively dilatable. Then there exists a noncommutative Lp-space Lp(N),
a strongly continuous group of completely positive isometries Ut : L
p(N) → Lp(N) and two
completely positive contractions J : Lp(M)→ Lp(N) and P : Lp(N)→ Lp(M) such that
Tt = PUtJ, t > 0.
Proof : By Lemma 5.3, we obtain a representation S˜ : Q → B(Lp(N˜)) by completely positive
isometric operators. We have
Tt = P˜ S˜tJ˜ , t ∈ Q+.
By Theorem 2.5, we deduce that the kernel K(S˜) of Sc(S˜) contains a unique element Qc and
that Qc : L
p(N˜) → Lp(N˜) is a projection from the Banach space Lp(N˜) onto the subspace
Lp(N˜)c of continuously translated elements. Furthermore, we have
S˜tQc = QcS˜t, t ∈ Q.
By [AbA, Theorem 2.22], the range Lp(N˜)c of the projection Qc is invariant under the operator
S˜t for any t ∈ Q. Moreover, we infer from Lemma 3.3 that the range Ran(J˜) of the map J˜
given by Lemma 5.3 is contained in the subspace Lp(N˜)c of continuously translated elements of
Lp(N˜) of the representation S˜. Furthermore, since each operator S˜t is isometric and completely
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positive, hence contractive, we see that the convex semigroup Sc(S˜) of S˜ over the identity
consists of completely positive contractions only by using [ArK, Lemma 2.6] and the weak
lower semicontinuity of the norm. It follows that Qc is also contractive and completely positive
and consequently that the subspace Lp(N˜)c is 1-completely positively complemented in L
p(N˜),
hence completely isometric and completely order isomorphic to a noncommutative Lp-space
Lp(N) by the main result of [ArR]. Now, for any t ∈ Q we define the completely positive and
isometric map
Ut = S˜t|Lp(N˜)c : Lp(N˜)c → Lp(N˜)c.
Note that the canonical map J : Lp(M) → Lp(N˜)c = Lp(N) of Lp(M) is contractive and
completely positive. Finally, we consider the restriction P = P˜ |Lp(N) : Lp(N) → Lp(M) of P˜
on Lp(N). So we have the following diagram.
Lp(N˜)
S˜t //
Qc
&&
Lp(N˜)
P˜
xx
Lp(N˜)c = L
p(N)
?
OO
Ut=S˜t|Lp(N˜)c // Lp(N) = Lp(N˜)c
P

?
OO
Lp(M)
Tt
//
J
OOJ˜
88
Lp(M)
Now, it is left to the reader to finish the proof.
Remark 5.5 Suppose 1 < p < ∞ with p 6= 2. Note that there exists a completely positive
contractive map T : Sp → Sp which does not admit an isometric dilation on a noncommutative
Lp-space, see [JLM]. It would be interesting (if it does occur) to find a completely positive
contractive Schur multiplier MA : S
p → Sp without isometric dilation on a noncommutative
Lp-space or a completely positive contractive Fourier multiplier Mt : L
p(VN(G))→ Lp(VN(G))
without isometric dilation (on a necessarily nonabelian group G due to Akcoglu’s theorem). See
also [Arh1], [ALM] and [AFM] for more information on dilations on noncommutative Lp-spaces.
6 Semigroups of selfadjoint Fourier multipliers
As we said in the introduction, Haagerup and Musat [HaM, Theorem 4.4] have characterised
dilatable Markov maps. Indeed, they proved that if T : M → M is a φ-Markov map on a von
Neumann algebra M equipped with a state φ then T is dilatable if and only if T is factorizable
in the sense of [AnD]. This result allows us to give concrete examples of dilatable semigroups.
Suppose that G is a discrete group. Recall that we denote by e the neutral element of G.
We denote by λs : ℓ
2
G → ℓ2G the unitary operator of left translation by s and VN(G) the von
Neumann algebra of G spanned by the λs’s where s ∈ G. It is an finite von Neumann algebra
with its canonical faithful normal finite trace given by
τG(x) =
〈
εe, x(εe)
〉
ℓ2
G
where (εs)s∈G is the canonical basis of ℓ2G and x ∈ VN(G). A Fourier multiplier is a normal
linear map T : VN(G) → VN(G) such that there exists a complex function t : G → C such
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that T (λs) = tsλs for any s ∈ G. In this case, we denote T by Mt : VN(G) → VN(G). It
is well-known that a Fourier multiplier Mt : VN(G) → VN(G) is completely positive if and
only if the function t is positive definite. It is easy to see that a τG-Markov Fourier multiplier
Mt : VN(G)→ VN(G) is selfadjoint if and only if t : G→ C is a real function.
Using the factorisability of selfadjoint τG-Markov Fourier multipliers of [Ric] (see [ArK] for
a generalization), we deduce the following result:
Corollary 6.1 Let G be a discrete group. Let (Tt)t>0 be a weak* continuous semigroup of
selfadjoint τG-Markov Fourier multipliers on the von Neumann algebra VN(G). Then the semi-
group (Tt)t>0 is dilatable.
We refer to the preprint [Arh4] for another approach which can be used for the class of
unimodular locally compact groups.
7 Applications to H∞ functional calculus
We start with a little background on sectoriality and H∞ functional calculus. We refer to [Haa],
[KW], [JMX], [HvNVW2] and [Arh2] for details and complements. Let X be a Banach space.
A closed densely defined linear operator A : Dom(A) ⊂ X → X is called sectorial of type ω if
its spectrum σ(A) is included in the closed sector Σω, and for any angle ω < θ < π, there is a
positive constant Kθ such that∥∥(λ−A)−1∥∥
X→X 6
Kθ
|λ| , λ ∈ C− Σθ.
If −A is the negative generator of a strongly continuous bounded semigroup on a X then A is
sectorial of type π2 . By [HvNVW2, Example 10.1.3], sectorial operators of type <
π
2 coincide
with negative generators of bounded analytic semigroups.
For any 0 < θ < π, let H∞(Σθ) be the algebra of all bounded analytic functions f : Σθ → C,
equipped with the supremum norm ‖f‖H∞(Σθ) = sup
{|f(z)| : z ∈ Σθ}. Let H∞0 (Σθ) ⊂ H∞(Σθ)
be the subalgebra of bounded analytic functions f : Σθ → C for which there exist s, c > 0 such
that |f(z)| 6 c|z|s(1+|z|)2s for any z ∈ Σθ. Finally, we let H∞0 (Σθ+) = ∪ω>θH∞0 (Σθ).
Given a sectorial operator A of type 0 < ω < π, a bigger angle ω < θ < π, and a function
f ∈ H∞0 (Σθ), one may define a bounded operator f(A) by means of a Cauchy integral (see e.g.
[Haa, Section 2.3] or [KW, Section 9]). The resulting mapping H∞0 (Σθ) → B(X) taking f to
f(A) is an algebra homomorphism. By definition, A has a bounded H∞(Σθ) functional calculus
provided that this homomorphism is bounded, that is if there exists a positive constant C such
that
∥∥f(A)∥∥
X→X 6 C‖f‖H∞(Σθ) for any f ∈ H∞0 (Σθ). In the case where A has a dense range,
the latter boundedness condition allows a natural extension of f 7→ f(A) to the full algebra
H∞(Σθ).
Suppose 1 6 p < ∞. In the sequel, we say that a sectorial operator A on a vector-valued
noncommutative Lp-space Lp(M,E) admits a completely bounded H∞(Σθ) functional calculus
if IdSp ⊗A admits a bounded H∞(Σθ) functional calculus on the vector-valued Schatten space
Sp(Lp(M,E)).
Using the connection between the existence of dilations in UMD spaces and H∞ functional
calculus together with the well-known angle reduction principle of Kalton-Weis relying on R-
sectoriality, Theorem 5.4 allows us to recover the last page of the memoir [JMX, page 125]:
Theorem 7.1 Let M be a von Neumann algebra equipped with a normal faithful state φ. Let
(Tt)t>0 be a weak* continuous semigroup of selfadjoint factorizable φ-Markov maps on M .
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Suppose 1 < p <∞. We let −Ap be the generator of the induced strongly continuous semigroup
(Tt,p)t>0 on the Banach space L
p(M). Then for any θ > π| 1
p
− 12 |, the operator Ap has a
completely bounded H∞(Σθ) functional calculus.
Proof : Using Theorem 1.4, with obvious notations, note that we have a dilation of the strongly
continuous semigroup (IdSp ⊗ Tt,p)t>0 acting on the Banach space Sp(Lp(M)):
IdSp ⊗ Tt,p = (IdSp ⊗ Ep)(IdSp ⊗ Ut,p)(IdSp ⊗ Jp)
by a strongly continuous group (IdSp ⊗Ut,p)t∈R of isometries acting on Sp(Lp(N)). Recall that
a noncommutative Lp-space is a UMD Banach space for any 1 < p <∞ by [PiX, Corollary 7.7].
Hence Sp(Lp(N)) is UMD. Now, transference [KW, Corollary 10.9] gives the existence of some
0 < θ < π such that IdSp ⊗Ap admits a bounded H∞(Σθ) functional calculus. Now, we reduce
the angle and conclude with [JMX, Proposition 5.8] since each Tt is selfadjoint.
This theorem is applicable to any weak* continuous semigroup (Tt)t>0 of selfadjoint τG-
Markov Fourier multipliers on the von Neumann algebra VN(G) of a discrete group G.
Theorem 7.1 combined with the proof of [HvNVW2, Theorem 10.4.16] and some results of
[JMX] describing square functions in the noncommutative setting, imply Theorem 7.2 below in
the spirit of [JMX, Corollary 7.7] and [JMX, Corollary 7.10]. We skip the details but we explain
some notations. Let (Ω, µ) be a σ-finite measure space. By a subpartition of Ω, we mean a
finite set π = {I1, . . . , Im} of pairwise disjoint measurable subsets of Ω such that 0 < µ(Ii) <∞
for any 1 6 i 6 m. Let X be a Banach space and let π be a subpartition of Ω. For any
f ∈ Lp(Ω, X) we let
fπ =
m∑
i=1
1
µ(Ii)
(∫
Ii
f
)
1Ii .
Here 1I denotes the indicator function if I. Finally, we can consider some limits limπ if sub-
partitions are directed by refinement. We refer to [JMX] for more details and for the links with
noncommutative square functions.
Theorem 7.2 Let M be a von Neumann algebra equipped with a normal faithful state φ. Let
(Tt)t>0 be a weak* continuous semigroup of selfadjoint factorizable φ-Markov maps on M .
We let −Ap be the generator of the strongly continuous semigroup (Tt,p)t>0 induced on the
noncommutative Lp-space Lp(M). Let F be a function of H∞0 (Σθ+)− {0}.
1. Suppose 1 < p 6 2. Then for any x ∈ Dom(Ap) ∩Ran(Ap), we have an equivalence
‖x‖Lp(M) ≈ inf
{
lim
π
∥∥∥∥∥
(∫ ∞
0
(
F (tAp)x1
)∗
π
(
F (tAp)x1
)
π
dt
t
) 1
2
∥∥∥∥∥
Lp(M)
+
lim
π
∥∥∥∥∥
(∫ ∞
0
(
F (tAp)x1
)
π
(
F (tAp)x1
)∗
π
dt
t
) 1
2
∥∥∥∥∥
Lp(M)
}
,
where the infimum runs over all x1, x2 ∈ Lp(M) such that x = x1 + x2.
2. Suppose 2 6 p <∞. Then for any x ∈ Dom(Ap) ∩ Ran(Ap), we have an equivalence
‖x‖Lp(M) ≈ max
{
lim
α→0
β→+∞
∥∥∥∥∥
(∫ β
α
(
F (tAp)x
)∗(
F (tAp)x
)dt
t
) 1
2
∥∥∥∥∥
Lp(M)
,
lim
α→0
β→+∞
∥∥∥∥∥
(∫ β
α
(
F (tAp)x
)(
F (tAp)x
)∗ dt
t
) 1
2
∥∥∥∥∥
Lp(M)
}
.
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Suppose 1 6 p 6 ∞. Recall that the vector-valued noncommutative space Lp(M,E) is
well-defined [Pis1] if M is a hyperfinite semifinite von Neumann algebra and if E is an operator
space. The ideas of the manuscript [Jun2] (which unfortunately seems definitely postponed)
allows to define Lp(M,E) beyond the hyperfinite case for a QWEP von Neumann algebra M
and a locally-C∗(F∞) operator space E. Using Remark 3.9, we can give vector-valued variants
of Theorem 7.1 using the results of [Arh2] (see also [Arh3] for related things) and classical
principles.
For that, we need of the operator space analog OUMDp [Pis1, Definition 4.8] of the Banach
space classical property UMD [HvNVW2, Definition 4.2.1] and a more contraignant variant
introduced in [Arh2]. Suppose 1 < p < ∞. Let E be a locally-C∗(F∞) operator space. We
say that E is OUMD′p if there exists a positive constant K such that for any QWEP von
Neumann algebra M equipped with a normal faithful state, any positive integer n, any finite
martingale (xk)06k6n in L
p(M,E) relative to a filtration (Mk)06k6n and any choice of signs
ε1, . . . , εn ∈ {±1} we have∥∥∥∥∥
n∑
k=1
εk dxk
∥∥∥∥∥
Lp(M,E)
6 K
∥∥∥∥∥
n∑
k=1
dxk
∥∥∥∥∥
Lp(M,E)
.
The property OUMDp is defined similarly but with hyperfinite and finite von Neumann alge-
bras. Finally, for any index set I, we denote by OH(I) the associated operator Hilbert space
introduced by Pisier. Finally, recall that the definition of QWEP-factorizability is given in
Remark 3.9.
Then we can obtain the following theorem by transference.
Theorem 7.3 Let M be a QWEP von Neumann algebra equipped with a normal faithful state
φ. Let (Tt)t>0 be a weak* continuous semigroup of QWEP-factorizable φ-Markov maps on M .
Let E be an OUMDp locally-C
∗(F∞) operator space. Suppose 1 < p < ∞. We let −Ap be
the generator of the induced strongly continuous semigroup (Tt,p⊗ IdE)t>0 on the Banach space
Lp(M,E). Then the operator Ap has a completely bounded H
∞(Σθ) functional calculus for some
0 < θ < π.
Proof : With obvious notations, observe that we have a dilation of the strongly continuous
semigroup (IdSp ⊗ Tt,p ⊗ IdE)t>0 acting on Sp(Lp(M,E)):
IdSp ⊗ Tt,p ⊗ IdE = (IdSp ⊗ Ep ⊗ IdE)(IdSp ⊗ Ut,p ⊗ IdE)(IdSp ⊗ Jp ⊗ IdE)
by a strongly continuous group (IdSp ⊗ Ut,p ⊗ IdE)t∈R of isometries acting on Sp(Lp(N,E)))
where N is a QWEP von Neumann algebra. By [Mus1, Proposition 3.12], the operator space
SpI(E) is OUMDp for any index set I. So by [Mus1, Proposition 3.12] again, the operator space
(SpI(E))
U is also OUMDp. Finally, by definition of Lp(N,E), we infer that the Banach space
Sp(Lp(N,E))) is UMD. Now, we conclude by transference [KW, Corollary 10.9].
Combining with the result [Arh2, Theorem 1.4]12 we obtain the following result. We skip
the details.
Theorem 7.4 Let M be a QWEP von Neumann algebra equipped with a normal faithful state.
Let (Tt)t>0 be a weak* continuous semigroup of selfadjoint QWEP-factorizable φ-Markov on
M . Suppose 1 < p, q < ∞ and 0 < α < 1. Let E be an operator space such that E =
12. Note that the word “selfadjoint” is missing in the assumptions of [Arh2, Theorem 1.4, Theorem 1.6 and
Theorem 3.6].
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(
OH(I), F
)
α
for some index set I and for some OUMD′q operator space F with
1
p
= 1−α2 +
α
q
.
We let −Ap be the generator of the strongly continuous semigroup (Tt,p⊗ IdE)t>0 on the vector-
valued noncommutative Lp-space Lp(M,E). Then for some 0 < θ < π2 , the operator Ap has a
completely bounded H∞(Σθ) functional calculus.
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